I. INTRODUCTION
Preparation and distribution of single-photon states is vital to many emerging quantum technologies such as quantum communication [1] [2] [3] , quantum cryptography [4, 5] , and linear optical quantum computation [6, 7] . A promising way to prepare single photons is by nonlinear optical processes that generate photon pairs such as spontaneous parametric downconversion [8] [9] [10] or spontaneous four-wave mixing (SFWM) in, e.g., dispersion-shifted fibers [11] , photonic crystal fibers [12] [13] [14] , or silicon waveguides [15, 16] . Even though such nonlinear pair-production processes are inherently probabilistic, this can in many cases be compensated for by heralding [17, 18] , whereby detection of one photon in the pair implies the existence of the other. If reliable photon production is required, near-deterministic behavior can in principle be achieved by multiplexing of such heralded probabilistic sources [19] [20] [21] , Spontaneous-four-wave-mixing processes possess a large number of tunable parameters, allowing great flexibility in the choice of single-photon wavelengths as well as the temporal and spectral properties of generated photon pairs [22] . Importantly, this allows single photons to be generated at communication wavelengths and in fiber, compatible with conventional communication systems [23] . This results in small losses, which is ideal for quantum communication purposes. The flexible nature of SFWM can also be used to generate heralded single photons with a high quantummechanical purity [24] , without the use of extensive filtering [25] [26] [27] . This property is crucial for applications in linear optical quantum computing based on photon interference [28] , which relies on photon indistinguishability [29, 30] . The use of nondegenerate pulsed pumps offers even greater flexibility and has been proposed for generating photons of very high prefiltering purity [31] .
It is well known that spontaneous Raman scattering (SRS) represents a significant noise source in many experimental realizations of photon-pair generation through SFWM [32] .
* jgko@fotonik.dtu.dk For this reason there have been several studies, using the Heisenberg picture, considering the impact of Raman noise on photon statistics for a continuous or narrowband pump and narrow spectral filtering in the context of SFWM [33] [34] [35] [36] [37] . However, pulsed pumping is of significant practical interest, due to better noise performance [38] and the ability to multiplex several sources [21] . Additionally, most schemes for producing unfiltered pure heralded photons rely critically on the use of broadband pumps [22, 24] . In the case of photonic crystal fibers, which has been one of the primary platforms for demonstration of pure single-photon generation [14, 39] , it is desirable to use short pump pulses and shorter fiber lengths to reduce the impact of fabrication imperfections along the fiber length [40, 41] . However, little attention has been devoted to study the impact on temporal and spectral correlations of generated photon pairs under a noninstantaneous nonlinear material response, which may become important for short pump pulses.
In this work, we adopt an interaction picture formalism to study the impact of photon-phonon interactions on the spectral and temporal joint state of photon pairs generated through SFWM. We present a general analytic pulsed-source model, including a noninstantaneous nonlinear response as well as nonlinear phase modulation. We use the model to characterize source performance by investigating the prefiltering photon statistics and two-photon joint amplitude. We also present a numerical split-step scheme for efficiently computing the joint state. The numerical model provides a strong and versatile tool for simulation of realistic systems, incorporating all the effects of interest that cannot simultaneously be included in analytical models, such as nonlinear phase modulation, higherorder dispersion, and Raman scattering. The numerical model is easily generalized to include additional effects that may be desired, as well as to nondegenerate pulsed setups.
II. THEORY
We consider a SFWM process in which a pump field, denoted by the subscript p, propagates through a χ (3) -nonlinear medium. In the nonlinear SFWM process, two pump photons may then be spontaneously annihilated to create a signal (s) and an idler (r) photon. The central frequencies ω s0 and ω r0 of the created photon pair are determined by energy and momentum conservation such that
where β j 0 for j = p,s,r is the propagation constant at the central frequency ω j 0 . Due to nonlinear phase modulation, which is included in this analysis, the central frequencies of the generated field are slightly different from ω s0 and ω r0 . The pump field is decomposed as
Here F (x,y) describes the mode profile, normalized such that the integral of |F (x,y)| 2 is unity over the waveguide cross section and n p = n(ω p0 ) is the refractive index at the pump wavelength. In this normalization, |A p | 2 represents optical power. The signal and idler fields are quantized in the following way:
where j = s,r andâ j (z,ω) [â † j (z,ω)] is the annihilation (creation) operator for field j at the frequency ω, which is relative to the central frequency of the field. We have assumed that all fields are in the same spatial mode in the waveguide, although the theory could be easily extended to multiple spatial modes. If the field is spectrally narrow compared to the central frequency ω j 0 , that is, |ω| ω j 0 for the frequency range of interest, the prefactor on the field operator inside the integral is approximately constant such that
for j = s,r, whereâ j (z,t) is the field operator for field j , which is the inverse Fourier transform of the annihilation operator. The operator fields satisfy the equal position commutation relations
We describe the system by the following interaction Hamiltonian governing spatial evolution, derived in Appendix A:
Here L is the waveguide length,m(z,t) is a noise operator representing the phonon field, = ω r0 − ω p0 = −(ω s0 − ω p0 ) is the frequency detuning, and γ j is the nonlinear coefficient, given by Eq. (A20). The function R(t) governs the temporal separation of creation events and is given by
where the nonlinear response function
has a fraction f R from the phononic contribution to the nonlinearity and h R (t) is the Raman response. The noise operator m(z,t) describes the coupling to the phononic noise background. The noise operator correlations in the time domain are derived in Appendix B and found to be of the form
where the function F(t) determines the lifetime of phonon excitations. The photon-state after propagation through a waveguide of length L can now be expressed through an evolution operatorÛ ,
We assume in the following that time-ordering corrections [42] can be neglected, which is a good approximation in the low-gain regime [43] , and expand the exponential in a simple Taylor series by keeping all terms where two or fewer signal or idler photons are created or equivalently to first order in the nonlinear phase shift φ NL = γ P p L. Suppressing the integral limits for convenience, with the understanding that space integrals are from 0 to L and time integrals over all time, this gives the expansion
043842-2 EFFECTS OF NONINSTANTANEOUS NONLINEAR . . . The remaining terms describe higher-order phonon scattering events, which are combinations of the fundamental Stokes and anti-Stokes diagrams. These include both the trivial (and expected) unconnected combinations, which describe two independent Raman scattering events taking place at different positions in the waveguide. A more interesting higher-order diagram is the one shown in Fig. 1(c) where two incoming photons are scattered on a single-phonon mode (at a single waveguide position). Such events can happen in two ways: In the first way, the first photon creates a (virtual) phonon with a second photon subsequently annihilating it, with probability proportional to 1+n th ( ), where n th ( )
is the expected occupation number of phonon states at frequency . This is because such an interaction is possible with both the phononic ground states and excited states. In the second way, the first photon annihilates an existing phonon, with a second photon subsequently recreating it, with probability proportional to n th ( ), since a thermally excited phonon has to be present prior to this interaction. These events are parametric and photon pairs created in this way are correlated similarly to the regular SFWM pairs and thus they give a contribution to the two-photon state. Independently created Raman photons do not contribute to the joint state since they are completely uncorrelated in their number distribution. In this sense they do not constitute a photon pair.
When neglecting group-velocity dispersion, the pump envelope A p (z,t), which is treated classically and assumed undepleted, evolves only under self-phase modulation (SPM) [44] :
where we carry out all calculations in the reference frame of the pump. The solution to this equation is
We work in the interaction picture of quantum mechanics where the spontaneous scattering effects are applied to the two-photon state and the evolution of the field operators is governed only by cross-phase modulation (XPM) [44] :
where group-velocity dispersion has been neglected. Since we are in the pump-reference frame, β 1 is the group slowness relative to the pump. This equation has the solution
which is easily verified by insertion into Eq. (14) . The first integral is due to the walkoff between the pump and the quantum field [31, 45] , while the second integral describes the effect of the delayed nonlinear interaction.
A. Joint amplitude for photon pairs
A convenient way to analyze the state of the generated photon pairs is through consideration of the joint temporal amplitude (JTA) A(t s ,t r ), defined such that the two-photon part of the state may be written as [45] 
The JTA thus describes the joint distribution of temporal states contained in the two-photon state and it holds information about the temporal correlations of the generated photon pairs. The probability of generating a photon pair in a single pump pulse is
The joint spectral amplitude (JSA) is often considered instead of the JTA and is the two-dimensional (2D) Fourier transform of the JTA
The unfiltered purity of the heralded photon is determined by the factorability of the JTA or JSA. This can be determined by a Schmidt decomposition of the JTA of the form [46]
where f n and g n are Schmidt modes, with the purity being given by [47] 
Note that this is only a measure of the degree of the spectral and temporal entanglement of generated photon pairs and not the 043842-3 reduction in state purity resulting from Raman contamination. The latter is more conveniently expressed through other figures of merit, such as the coincidence-to-accidental ratio. Proposed schemes for linear optical quantum computation rely on interference between photons from different pairs [28] , which is limited by state purity [30] , making purity an important property for single-photon sources.
B. Joint amplitude with a noninstantaneous material response
For the problem under consideration here, we may calculate the JTA from the evolution operator (11) as
Only the three terms inÛ (0,L) with exactly one signal and one idler creation operator contribute to the JTA. Performing the calculation (see Appendix C), we obtain the JTA
where we have introduced the function W(t), which has the spectral form
Here the Raman susceptibility χ R (ω) is the Fourier transform of the Raman response function h R (t), with χ R (ω) and χ R (ω) its real and imaginary parts, respectively. The function W(t) determines the temporal separation of the position-dependent creation times, defined by
These may be interpreted as the creation time of the signal and idler photons, respectively, created at the position z and then detected later at times t s and t r , depending on their propagation speed. The phase (z,t s ,t r ) has the form
which has a contribution from accumulated SPM of the pump up until the two creation times τ s and τ r as well as XPM of the produced pair, from the pump, since the time of creation. The phases are given in Eqs. (13b) and (15b). The expression (22) is a very general expression for the JTA in the degenerately pumped scheme, but the integral is fairly intractable. Simpler expressions can be obtained in the limit where the pump pulse is temporally much longer than the time scale of the function W(t), defined in Eq. (23), which for silica is of the order of hundreds of femtoseconds. In this case, we may retain only the dc component and approximate W(t) = W(ω = 0)δ(t), in which case the creation times coincide τ s = τ r = t c and the JTA takes the simpler form
where is the Heaviside step function and the collision coordinates are defined to be
These coordinates may be interpreted as the time of creation t c of the photon pair, which in this limit is produced simultaneously, at the waveguide position z c . The phase reduces to
In the case f R = 0, with no phononic contribution to the nonlinearity, the JTA (26) reduces to a previously known result [45] . The main feature of this expression compared to previous work is the dependence of the overall amplitude on the frequency separation and the waveguide temperature T , through its impact on the phonon population.
C. Photon statistics in the long-pulse limit
The prefiltering probability R pair of generating a pair is found by integration, which is most easily performed by a change of variables (t s ,t r ) → (t c ,z c ), resulting in a Jacobian of |β 1s − β 1r |. Performing the integration yields
This result is clearly unphysical in the limit β 1s = β 1r . This is due to the fact that when higher-order dispersion is neglected, phase matching is achieved at all frequencies in this limit. Without filtering, this results in an unbounded generation rate (limited only by pump depletion, which is also neglected here). For a silica fiber, the Raman response is well represented by a superposition of 13 simple oscillators [48] . This model is used exclusively in this work. We plot R pair /R 0 , where R 0 is the number of produced pairs with a purely electronic response, f R = 0. This plot is shown in Fig. 2 for four different waveguide temperatures (liquid helium, liquid nitrogen, dry ice, and room temperature). The figure shows that while detuning the signal or idler beyond the Raman spectrum significantly reduces Raman noise, it can also decrease pair-production efficiency to less than half of its maximum value and with a far detuning limit of (1 − f R ) 2 ≈ 0.67. The temperature dependence of the pair production is seen to be fairly small and cooling the fiber with dry ice (195 K), liquid nitrogen (77 K), or liquid helium (4 K), in order to eliminate noise from single Raman photons, does not significantly decrease the pair-production probability. This is because the four-wave-mixing efficiency is dominated by the behavior of the real part of the Raman susceptibility. In other waveguides constructed from different materials, the phononic contribution may be larger than in silica and this effect could be more significant and relevant even for longer pulses. The ratio of produced photon pairs to the number of produced single SRS photons within ω of the signal wavelength is given by C(ω) = R pair (ω)/R R (ω). The generation probability R R (ω) of single Raman photons is given by Eq. (D2):
where E p is the pump pulse energy. This ratio is shown in Fig. 3 in units of
On the anti-Stokes side of the pump (positive frequency detunings) a strong temperature dependence is present, while on the Stokes side (negative frequency detunings) a temperature dependence is only seen for low pump-idler frequency separations. This temperature dependence is the reason waveguide cooling is often used to suppress SRS noise in degenerate copolarized SFWM when SFWM occurs within tens of nanometers of the pump [49] . As expected, the Raman resonance peak should be avoided to maximize the ratio of pairs to single photons. Because the four-wavemixing efficiency drops for large detunings, since the phononic contribution vanishes, a larger detuning is necessary to achieve a better value of C(ω,T ) than expected by simply looking at the Raman gain spectrum.
Finally, Fig. 4 shows the coincidence-to-accidental ratio (CAR) of photon pairs, given by
where the detector dark-count accidents have been neglected. The CAR is shown for a Gaussian pump input A p (0,t) = P p exp(−t 2 /2T 2 p ) with a pulse duration of T p = 1 ps and a peak power such that the generation probability is fixed at R pair = 0.001 and a ω corresponding to 1 nm at the pump wavelength. For the nonlinearities we use a silica fiber example with γ = 2.0 W −1 km −1 and the Raman response for silica. We note that, as is a well-known experimental fact [38] , the CAR can be significantly increased close to the pump by cooling a silica waveguide, with cooling to T = 4 K getting very close to the multipair limit r CAR = 1/R pair (neglecting dark counts). At larger frequency separations the impact on the CAR is much less significant due to the temperatureindependent component of the Stokes scattering. Finally, we note that this model can, in a straightforward way, be extended to dual pump configurations, by selecting the appropriate response functions for the various interactions in the evolution operator.
III. NUMERICAL MODEL

A. Split-step scheme for the joint amplitude
In this section we describe a numerical scheme for propagating the joint state of a photon pair through a waveguide. It is based on the same idea as the well-known split-step scheme [44] , which has previously been used to propagate joint states [45] . We present here a very generally applicable scheme that can be used for modeling a wide variety of systems. The spatiotemporal evolution of the JTA satisfies an operator differential equation of the form
whereL andN represent dispersive effects (linear) and phase-modulating (nonlinear) effects, respectively, andŜ represents spontaneous scattering effects. The nonlinear (phasemodulating) effects have an exact solution in the time domain, while the linear (dispersive) effects have an exact solution in the frequency domain. The spontaneous step can be solved exactly in both domains. To develop the split-step scheme, we note that Eq. (33a) has the formal solution
Invoking the trapezoidal rule to approximate the second integral gives
This shows that a split-step scheme with a local step error of order h 3 can be constructed by applying half a step of the spontaneous emission effects at position z and then applying the usual split-step operations of phase modulation and dispersion and then the second half of the spontaneous emission at position z + h. As with a usual symmetrized split-step scheme, the linear and nonlinear operations should be applied symmetrically, i.e., half a linear step, followed by a full nonlinear step, and ending with another linear half step. Thus, to have a O(h 3 ) split-step scheme, the application of steps should follow the structure illustrated in Fig. 5 .
Compared to a naive application of sequentially full steps, which gives an error of O(h 2 ), only the linear step, which is the least computationally expensive, needs to be applied twice as many times. Thus, using the order of applications of steps as depicted in Fig. 5 gives an improvement in computation speed for a given required accuracy.
By using Eq. (21), the spatial evolution of the JTA is given by
The first term in Eq. (36) describes spontaneous scattering and is independent of A. It is evaluated similarly to the calculation in Appendix C. The second term describes dispersive and phase-modulating effects and is proportional to A. It is evaluated using the evolution equation of the fields under both group-velocity dispersion and phase modulation. This results in the following evolution equations involving both the JTA and the JSA:
where the 2D Fourier transform used to go from a temporal to a spectral description is given by Eq. (18) and we have suppressed the temporal (spectral) dependence of the JTA (JSA). Solving these equations and invoking the trapezoidal rule, consistent with our O(h 3 ) scheme, yields the following steps for spontaneous scattering, linear, and nonlinear effects, respectively: 
Since knowledge of the pump field at z + h is required for two of the steps, the pump field must be kept one step ahead of the JTA by a regular split-step method, based on the pumpevolution equation. The time integral in the nonlinear step can be carried out as a convolution between the pump envelope and the time response R(t) while the frequency integral in the spontaneous scattering step can be calculated as a 2D con-
. If it is known that the Raman response function can be neglected, one can simply set W(ω) = 1 (before the Raman peak) or W(ω) = 1 − f R (after the Raman peak) and R(t) = δ(t). Extending these equations to the nondegenerate case with two pumps labeled by p and q is straightforward: The spontaneous step gets two contributions of the type A p A q with their arguments switched and weighted by appropriate response functions, depending on the polarization of pumps and generated fields. The linear step is unchanged and the nonlinear step should include the relevant phase-modulating effects, again depending on relative polarizations.
B. Numerical results on the impact of Raman scattering on photon purity
The generality of the numerical model allows for analysis of the joint state of photon pairs generated in any SFWM process with knowledge of the nonlinear response of the material. One feature that has not previously been considered is the impact of the slower phononic response compared to the nearly instantaneous electronic response in silica fibers. For short pump pulses we would expect this to have an impact on the state of generated pairs. We consider a Gaussian pump input of the form
and the symmetric scheme for producing single photons of high prefiltering purity [50] . In this scheme, the waveguide is designed so that β 1s = −β 1r and the waveguide length L is chosen to maximize purity. For simplicity, we again use the parameters for a simple silica fiber.
To show the physical impact of the finite response time on the JTA, consider Figs. 6(a) and 6(b) with f R = 0 and f R = 1, respectively, for illustrative purposes. Both figures are for a short pump pulse of duration T p = 0.1 ps and with |β 1s L/T p | = 2, resulting in nearly maximal purity for this scheme, with an angular frequency detuning of = 60 × 10 12 s −1 (corresponding to 9.5 THz).
The JTA in the case f R = 0 has the characteristic hard edges that manifest as the ripples at the sides of the main peak in the JSA. These hard edges correspond to perfect temporal information about the heralded photon after detecting a herald produced at either fiber end. Hence, these edges, or the corresponding ripples in the JSA, are a source of correlation in the photon pair, leading to a purity of P = 0.81. The purity can be increased by spectral filtering, but avoiding filtering, especially near the single-photon wavelengths, is desirable to achieve higher brightness and lower error rates. The JTA in the case f R = 1 has much smoother edges and hence less pronounced ripples in the JSA, compared to the instantaneous response case. When the finite phononic contribution is included, exact temporal information from the fiber ends is no longer obtained by detection of the herald, since the heralded photon could have been produced both temporally earlier or later than the herald. This reduces correlation and leads to a higher prefiltering purity of P = 0.85. The purities are determined with a singular-value decomposition in MATLAB. The two edges in the phonon-dominated JTA look different with the one from the beginning of the fiber (lower right edge) varying faster then the one corresponding to the end of the fiber (upper left edge). This is caused by interference due to the spectral shape of the Raman response: The function W(t) has a faster varying phase for t > 0 than for t < 0, yielding more averaging for cases where a low-frequency photon (a signal photon in this case) is produced first. This causes the ripples at the beginning of the fiber (which are caused for signal photons being produced first) to be less pronounced. Figure 7 shows the heralded prefiltering purity as a function of frequency separation for a silica fiber with f R = 0.18, with four different pump pulse durations in the low pair-production regime.
We see a frequency dependence of the purity that can be quite significant for short pump pulses for certain frequency separations. The frequency dependence shows some similarity to the real part of the Raman susceptibility since its magnitude largely determines the relative contribution to pair generation from phonons. Interestingly, the resulting change in purity can be both positive and negative compared to the case without any phononic contribution, with a very significant decrease in purity just beyond the Raman peak. This is likely caused by the more rapid oscillations of the Raman response introducing correlations and counteracting the beneficial contribution from the smoothening.
IV. CONCLUSION
We have developed a mathematical model for the state of photon pairs generated by spontaneous four-wave mixing in the case of a pulsed pump, which includes the full, time-dependent, nonlinear response. Closed-form expressions were found in the long pulse limit for the joint amplitude and the generation probability of photon pairs, depending on the frequency separations in the setup and the waveguide temperature. It was found that higher-order Raman scattering events gives the pair-production process a temperature dependence and that, according to the model, for a silica fiber, generation rates depend only weakly on waveguide temperature. The pair-generation probability was however found to depend strongly on frequency separation, with less than half of the expected probability from a purely electronic analysis, for some detunings.
In addition, we presented a numerical, symmetrical splitstep scheme to propagate the photon-pair state along the waveguide, where all effects such as higher-order dispersion, nonlinear phase modulation, and a noninstantaneous response can be included at once. This model was used to demonstrate the impact of the finite phononic response time on the purity of heralded single photons produced in a silica fiber and a significant effect was observed for pulse durations shorter than roughly 1 ps (2.4-ps FWHM) for frequency detunings less than 30 THz. This proves that in addition to noise contamination, Raman scattering can alter the spectral correlations of generated photon pairs. In this work, the numerical model was used to study the impact of a noninstantaneous nonlinear response, but it has general applications in modeling of realistic systems and may be of help in designing such realistic systems, by including all effects of interest and yielding a realistic prediction of produced photon states.
where χ
is the part of the relevant component of the nonlinear tensor that stems from electronic interactions, which are assumed to be instantaneous. For simplicity, we derive the Hamiltonians under the assumption that all fields exist in a single spatial mode and that all fields are at approximately the same frequency such that we take ω s0 ≈ ω p0 ≈ ω r0 , in the sense that |ω s0 − ω r0 | ω p0 , in all prefactors. We takê E = E p +Ê s +Ê r , with fields given in Eqs. (2) and (4) 
where we introduced the total field operator a s,r (z,t) =â s (z,t)e iθ s (z,t) +â r (z,t)e iθ r (z,t) ,
with θ j (z,t) = β j 0 z − ω j 0 t and the effective area
by checking that, e.g., ∂ zâs = i[â s ,Ĥ (2) int ] = iMA p e −i t , where the oscillating exponential comes from the frequency detuning between the pump and signal field since these fields are spectrally centered around their respective central frequencies. For convenience, we introduce the renormalized noise operator
(A19) Introducing different nonlinear coefficients for the pump, signal, and idler fields such that
the full interaction Hamiltonian is straightforwardly generalized tô
where a single spatial mode is still assumed. This Hamiltonian describes the spatial photon-state evolution in the interaction picture where the photon operators evolve under the free part of the Hamiltonian governing dispersive and phase-modulating effects, formulated in this work through Heisenberg evolution equations.
APPENDIX B: NOISE CORRELATIONS
Using the definition (A19) of the noise operator and the thermal correlation (A17) of the phonon operators, the noise correlation functions are straightforward to calculate
We see that this correlation function takes the form
where the function F(t) is much more neatly expressed in the frequency domain as 
which describes pump self-phase accumulated until the time of creation for both signal and idler as well as signal and idler pump cross-phase accumulated since creation to the end of the waveguide. We note that
and similarly for F(ω), 
and conclude that the function W(t) has the Fourier transform
It is thus not simply 1 − f R + f R χ R as one might naively expect. Since spontaneous Raman scattering is involved through active interaction with the phonon modes, the amplitude becomes temperature dependent since the phonon bath is assumed in thermal equilibrium.
APPENDIX D: RATE OF SINGLE RAMAN PHOTONS
Since Raman scattering events are not coherent, the probability of such events cannot be computed like for the joint amplitude by projecting the state onto a temporal state basis. Instead we must consider the relevant term in ψ|ψ = Û †Û with the evolution operator in Eq. (11) For narrow spectral filtering, compared to the Raman spectrum, the probability of generating a Raman photon at frequency ω is then R R (ω) = 1 π γ s f R E p ωLχ R (|ω|)[n th (|ω|) + (−ω)], (D2) which is a well-known result [53] . As is always the case for SRS, the probability of generating a photon on the Stokes side (ω < 0) is larger than the probability of generating an anti-Stokes photon (ω > 0). For complete consistency we ought to also include second-order spontaneous Raman scattering events in the noise flux as we did when calculating the joint amplitude. There are fundamentally two types of contributions: two-photon scattering coherent contributions, similar to the one that contributes to SFWM, where the photons are created at a single waveguide position and events where two Raman photons are independently created at different waveguide positions. Both of these types of terms appear with two photons in either channel or one in each. However, for simplicity, we only include the dominant term in this analysis.
